We propose a new type theory with internalized parametricity. Compared to previous similar proposals, this version comes with a denotational semantics which is a refinement of the standard presheaf semantics of dependent type theory. Further, this presheaf semantics is a refinement of the one used to interpret nominal sets with restriction. The present calculus is a candidate for the core of a proof assistant with internalized parametricity.
• We provide a denotational semantics, in the form of a presheaf model, for this type theory.
This model is a refinement of the presheaf semantics used to interpret nominal sets with restrictions [3, 4] .
Syntax
We assume a special symbol '0', and a countable infinite set I of other symbols, called colors. The metasyntactic variables i, j, . . . range over colors, while ϕ range over I ∪ {0}. The main innovation of the type theory presented here is that terms may depend on (a finite number of) colors. We add the following constructions to the usual syntax of lambda calculi:
Remark. Here is some intuition for these new constructions:
• Any type is associated with a predicate for every color. The type A i a expresses that a satisfies the parametricity predicate associated with the type A on color i. For each term a and color i, the term a (i 0) is the erasure of i in a. It is defined by induction on a and can be understood as a realizer of a.
• The term a·i yields a proof of A i a (i 0).
• The forms (a, i p) and (x : A) × i P allow to locally associate parametricity proofs with a given realizer.
We index typing judgements with the set of free colors; our new constructions are typed and converted as follows:
In-Abs
Unlike previous type theories with internalized parametricity, the types i A and A → are not convertible but isomorphic. The same goes for ((x : A) → B[x]) i f and (x : A) → (x :
However, in our system one can use parametricity generically via λA. λa. a · i : (A : ) → (x : A) → A i x. In particular, the proposition given in the introduction is provable by λf. λA. λP. λa. λp. (f (A × i P ) (a, i p))·i.
Presheaf model
We say that a function f : I → J ∪ {0} is a color map, and note f : I → J, if i 1 = i 2 for any i 1 , i 2 ∈ I with f (i 1 ) = f (i 2 ) ∈ J. We consider the category pI of finite color sets and color maps. We use a refined presheaf on pI op by requiring two further conditions (without this refinement, it is not clear how to validate the equality ((x : A)
1. for any object I, F (I) is a set of I-elements, i.e., of tuples indexed by the subsets of I; 2. for any projection map α : I → I α , the restriction map F (I) → F (I α ), u → uα is the projection operation, i.e., uα J = u J for any J ⊆ I.
A context Γ is interpreted by a (usual) presheaf on pI op . A type Γ A is interpreted by an I-set Aρ for each object I and ρ ∈ Γ(I), together with restriction maps Aρ → A(ρf ), u → uf if f : I → J satisfying u1 = u and (uf )g = u(f g) for any g : J → K. Furthermore the map Aρ → A(ρα), u → uα is the projection operation.
A term Γ a : A is interpreted by a I-element aρ ∈ Aρ for each object I and ρ ∈ Γ(I), such that aρf = a(ρf ) for any f : I → J.
If Γ and Γ A we define the interpretation of ∆ = Γ, x : A by taking ρ, x = u ∈ ∆(I) to mean ρ ∈ Γ(I) and u ∈ Aρ. The restriction map is defined by ρ, x = u f = ρf, x = uf .
If Γ we define the interpretation of ∆ = Γ, i : I by taking [ρ, i = ϕ] ∈ ∆(I) to mean either ϕ = 0 and ρ ∈ Γ(I), or ϕ = j ∈ I and ρ ∈ Γ(I\{j}).
